CHAPTER 1
INTRODUCTION TO THE HILBERT HUANG TRANSFORM
AND ITS RELATED MATHEMATICAL PROBLEMS

Norden E. Huang
The Hilbert–Huang transform (HHT) is an empirically based data-analysis
method. Its basis of expansion is adaptive, so that it can produce physically meaningful representations of data from nonlinear and non-stationary processes. The
advantage of being adaptive has a price: the diﬃculty of laying a ﬁrm theoretical
foundation. This chapter is an introduction to the basic method, which is followed by brief descriptions of the recent developments relating to the normalized
Hilbert transform, a conﬁdence limit for the Hilbert spectrum, and a statistical
signiﬁcance test for the intrinsic mode function (IMF). The mathematical problems associated with the HHT are then discussed. These problems include (i) the
general method of adaptive data-analysis, (ii) the identiﬁcation methods of nonlinear systems, (iii) the prediction problems in nonstationary processes, which is
intimately related to the end eﬀects in the empirical mode decomposition (EMD),
(iv) the spline problems, which center on ﬁnding the best spline implementation
for the HHT, the convergence of EMD, and two-dimensional EMD, (v) the optimization problem or the best IMF selection and the uniqueness of the EMD decomposition, (vi) the approximation problems involving the ﬁdelity of the Hilbert
transform and the true quadrature of the data, and (vii) a list of miscellaneous
mathematical questions concerning the HHT.

1.1. Introduction
Traditional data-analysis methods are all based on linear and stationary assumptions. Only in recent years have new methods been introduced to analyze nonstationary and nonlinear data. For example, wavelet analysis and the Wagner-Ville
distribution (Flandrin 1999; Gröchenig 2001) were designed for linear but nonstationary data. Additionally, various nonlinear time-series-analysis methods (see,
for example, Tong 1990; Kantz and Schreiber 1997; Diks 1999) were designed for
nonlinear but stationary and deterministic systems. Unfortunately, in most real systems, either natural or even man-made ones, the data are most likely to be both
nonlinear and nonstationary. Analyzing the data from such a system is a daunting
problem. Even the universally accepted mathematical paradigm of data expansion
in terms of an a priori established basis would need to be eschewed, for the convolution computation of the a priori basis creates more problems than solutions.
A necessary condition to represent nonlinear and nonstationary data is to have an
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adaptive basis. An a priori deﬁned function cannot be relied on as a basis, no matter
how sophisticated the basis function might be. A few adaptive methods are available
for signal analysis, as summarized by Windrow and Stearns (1985). However, the
methods given in their book are all designed for stationary processes. For nonstationary and nonlinear data, where adaptation is absolutely necessary, no available
methods can be found. How can such a basis be deﬁned? What are the mathematical properties and problems of the basis functions? How should the general topic
of an adaptive method for data analysis be approached? Being adaptive means
that the deﬁnition of the basis has to be data-dependent, an a posteriori-deﬁned
basis, an approach totally diﬀerent from the established mathematical paradigm
for data analysis. Therefore, the required deﬁnition presents a great challenge to
the mathematical community. Even though challenging, new methods to examine
data from the real world are certainly needed. A recently developed method, the
Hilbert–Huang transform (HHT), by Huang et al. (1996, 1998, 1999) seems to be
able to meet some of the challenges.
The HHT consists of two parts: empirical mode decomposition (EMD) and
Hilbert spectral analysis (HSA). This method is potentially viable for nonlinear
and nonstationary data analysis, especially for time-frequency-energy representations. It has been tested and validated exhaustively, but only empirically. In all the
cases studied, the HHT gave results much sharper than those from any of the traditional analysis methods in time-frequency-energy representations. Additionally, the
HHT revealed true physical meanings in many of the data examined. Powerful as it
is, the method is entirely empirical. In order to make the method more robust and
rigorous, many outstanding mathematical problems related to the HHT method
need to be resolved. In this section, some of the problems yet to be faced will be
listed, in the hope of attracting the attention of the mathematical community to
this interesting, challenging and critical research area. Some of the problems are
easy and might be resolved in the next few years; others are more diﬃcult and will
probably require much more eﬀort. In view of the history of Fourier analysis, which
was invented in 1807 but not fully proven until 1933 (Plancherel 1933), it should be
anticipated that signiﬁcant time and eﬀort will be required. Before discussing the
mathematical problem, a brief introduction to the methodology of the HHT will
ﬁrst be given. Readers interested in the complete details should consult Huang et
al. (1998, 1999).
1.2. The Hilbert Huang transform
The development of the HHT was motivated by the need to describe nonlinear
distorted waves in detail, along with the variations of these signals that naturally
occur in nonstationary processes. As is well known, the natural physical processes
are mostly nonlinear and nonstationary, yet the data analysis methods provide very
limited options for examining data from such processes. The available methods are
either for linear but nonstationary, or nonlinear but stationary and statistically de-
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terministic processes, as stated above. To examine data from real-world nonlinear,
nonstationary and stochastic processes, new approaches are urgently needed, for
nonlinear processes need special treatment. The past approach of imposing a linear
structure on a nonlinear system is just not adequate. Other then periodicity, the
detailed dynamics in the processes from the data need to be determined because
one of the typical characteristics of nonlinear processes is their intra-wave frequency
modulation, which indicates the instantaneous frequency changes within one oscillation cycle. As an example, a very simple nonlinear system will be examined, given
by the non-dissipative Duﬃng equation as
d2 x
+ x + x3 = γ cos(ωt) ,
dt2

(1.1)

where  is a parameter not necessarily small, and γ is the amplitude of a periodic
forcing function with a frequency ω. In (1.1), if the parameter  were zero, the system
would be linear, and the solution would be easily found. However, if  were nonzero, the system would be nonlinear. In the past, any system with such a parameter
could be solved by using perturbation methods, provided that   1. However,
if  is not small compared to unity, then the system becomes highly nonlinear,
and new phenomena such as bifurcations and chaos will result. Then perturbation
methods are no longer an option; numerical solutions must be attempted. Either
way, (1.1) represents one of the simplest nonlinear systems; it also contains all the
complications of nonlinearity. By rewriting the equation in a slightly diﬀerent form
as


d2 x
+ x 1 + x2 = γ cos(ωt) ,
dt2

(1.2)

its features can be better examined. Then the quantity within the parenthesis can
be regarded as a variable spring constant, or a variable pendulum length. As the
frequency (or period) of the simple pendulum depends on the length, it is obvious
that the system given in (1.2) should change in frequency from location to location,
and time to time, even within one oscillation cycle. As Huang et al. (1998) pointed
out, this intra-frequency frequency variation is the hallmark of nonlinear systems. In
the past, when the analysis was based on the linear Fourier analysis, this intra-wave
frequency variation could not be depicted, except by resorting to harmonics. Thus,
any nonlinear distorted waveform has been referred to as “harmonic distortions.”
Harmonics distortions are a mathematical artifact resulting from imposing a linear
structure on a nonlinear system. They may have mathematical meaning, but not
a physical meaning (Huang et al. 1999). For example, in the case of water waves,
such harmonic components do not have any of the real physical characteristics of a
real wave. The physically meaningful way to describe the system is in terms of the
instantaneous frequency, which will reveal the intra-wave frequency modulations.
The easiest way to compute the instantaneous frequency is by using the Hilbert
transform, through which the complex conjugate y(t) of any real valued function
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x(t) of Lp class can be determined (see, for example, Titchmarsh 1950) by
 ∞
x(τ )
1
dτ ,
H[x(t)] = PV
π
t
−∞ − τ

(1.3)

in which the P V indicates the principal value of the singular integral. With the
Hilbert transform, the analytic signal is deﬁned as
z(t) = x(t) + iy(t) = a(t)eiθ(t) ,
where
a(t) =


x2 + y 2 ,

and

θ(t) = arctan

(1.4)
y 
x

.

(1.5)

Here, a(t) is the instantaneous amplitude, and θ is the phase function, and the
instantaneous frequency is simply
ω=

dθ
.
dt

(1.6)

A description of the Hilbert transform with the emphasis on its many mathematical formalities can be found in Hahn (1996). Essentially, (1.3) deﬁnes the Hilbert
transform as the convolution of x(t) with 1/t; therefore, (1.3) emphasizes the local properties of x(t). In (1.4), the polar coordinate expression further clariﬁes the
local nature of this representation: it is the best local ﬁt of an amplitude and phasevarying trigonometric function to x(t). Even with the Hilbert transform, deﬁning
the instantaneous frequency still involves considerable controversy. In fact, a sensible instantaneous frequency cannot be found through this method for obtaining
an arbitrary function. A straightforward application, as advocated by Hahn (1996),
will only lead to the problem of having frequency values being equally likely to be
positive and negative for any given dataset. As a result, the past applications of the
Hilbert transform are all limited to the narrow band-passed signal, which is narrowbanded with the same number of extrema and zero-crossings. However, ﬁltering in
frequency space is a linear operation, and the ﬁltered data will be stripped of their
harmonics, and the result will be a distortion of the waveforms. The real advantage
of the Hilbert transform became obvious only after Huang et al. (1998) introduced
the empirical mode decomposition method.
1.2.1. The empirical mode decomposition method (the sifting
process)
As discussed by Huang et al. (1996, 1998, 1999), the empirical mode decomposition
method is necessary to deal with data from nonstationary and nonlinear processes.
In contrast to almost all of the previous methods, this new method is intuitive,
direct, and adaptive, with an a posteriori-deﬁned basis, from the decomposition
method, based on and derived from the data. The decomposition is based on the
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Figure 1.1: The test data.

simple assumption that any data consists of diﬀerent simple intrinsic modes of oscillations. Each intrinsic mode, linear or nonlinear, represents a simple oscillation,
which will have the same number of extrema and zero-crossings. Furthermore, the
oscillation will also be symmetric with respect to the “local mean.” At any given
time, the data may have many diﬀerent coexisting modes of oscillation, one superimposing on the others. The result is the ﬁnal complicated data. Each of these
oscillatory modes is represented by an intrinsic mode function (IMF) with the following deﬁnition:
(1) in the whole dataset, the number of extrema and the number of zero-crossings
must either equal or diﬀer at most by one, and
(2) at any point, the mean value of the envelope deﬁned by the local maxima and
the envelope deﬁned by the local minima is zero.
An IMF represents a simple oscillatory mode as a counterpart to the simple
harmonic function, but it is much more general: instead of constant amplitude
and frequency, as in a simple harmonic component, the IMF can have a variable
amplitude and frequency as functions of time. With the above deﬁnition for the
IMF, one can then decompose any function as follows: take the test data as given
in Fig. 1.1; identify all the local extrema, then connect all the local maxima by
a cubic spline line as shown in the upper envelope. Repeat the procedure for the
local minima to produce the lower envelope. The upper and lower envelopes should
cover all the data between them, as shown in Fig. 1.2. Their mean is designated as
m1 , also shown in Fig. 1.2, and the diﬀerence between the data and m1 is the ﬁrst
component h1 shown in Fig. 1.3; i. e.,
h1 = x(t) − m1 .
The procedure is illustrated in Huang et al. (1998).

(1.7)
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Figure 1.2: The data (blue) upper and lower envelopes (green) deﬁned by the local maxima and
minima, respectively, and the mean value of the upper and lower envelopes given in red.
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Figure 1.3: The data (red) and h1 (blue).

Ideally, h1 should satisfy the deﬁnition of an IMF, for the construction of h1
described above should have made it symmetric and have all maxima positive and
all minima negative. However, even if the ﬁtting is perfect, a gentle hump on a slope
can be ampliﬁed to become a local extremum in changing the local zero from a rectangular to a curvilinear coordinate system. After the ﬁrst round of sifting, the hump
may become a local maximum. New extrema generated in this way actually reveal
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Figure 1.4: (a, top) Repeated sifting steps with h1 and m2 . (b, bottom) Repeated sifting steps
with h2 and m3 .

the proper modes lost in the initial examination. In fact, with repeated siftings, the
sifting process can recover signals representing low-amplitude riding waves.
The sifting process serves two purposes: to eliminate riding waves, and to make
the wave proﬁles more symmetric. While the ﬁrst purpose must be achieved for
the Hilbert transform to give a meaningful instantaneous frequency, the second
purpose must also be achieved in case the neighboring wave amplitudes have too
large a disparity. Toward these ends, the sifting process has to be repeated as many
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Figure 1.5: The ﬁrst IMF component c1 after 12 steps.

times as is required to reduce the extracted signal to an IMF. In the subsequent
sifting processes, h1 can be treated only as a proto-IMF. In the next step, it is
treated as the data; then,
h11 = h1 − m11 .

(1.8)

After repeated siftings in this manner, shown in Fig. 1.4a,b, up to k times, h1k
becomes an IMF; that is,
h1k = h1(k−1) − m1k ;

(1.9)

c1 = h1k ,

(1.10)

then, it is designated as

the ﬁrst IMF component from the data shown in Fig. 1.5. Here, a critical decision
must be made: the stoppage criterion. Historically, two diﬀerent criteria have been
used: The ﬁrst one was used in Huang et al. (1998). This stoppage criterion is
determined by using a Cauchy type of convergence test. Speciﬁcally, the test requires
the normalized squared diﬀerence between two successive sifting operations deﬁned
as
T
2
|hk−1 (t) − hk (t)|
(1.11)
SDk = t=0 T
2
t=0 hk−1
to be small. If this squared diﬀerence SDk is smaller than a predetermined value,
the sifting process will be stopped. This deﬁnition seems to be rigorous, but it is very
diﬃcult to implement in practice. Two critical questions need to be resolved: ﬁrst,
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the question of how small is small enough needs an answer. Second, this criterion
does not depend on the deﬁnition of the IMFs. The squared diﬀerence might be
small, but nothing guarantees that the function will have the same numbers of
zero-crossings and extrema, for example. These shortcomings prompted Huang et
al. (1999, 2003) to propose a second criterion based on the agreement of the number
of zero-crossings and extrema. Speciﬁcally, a S-number is pre-selected. The sifting
process will stop only after S consecutive times, when the numbers of zero-crossings
and extrema stay the same and are equal or diﬀer at most by one. This second choice
has its own diﬃculty: how to select the S number. Obviously, any selection is ad
hoc, and a rigorous justiﬁcation is needed.
In a recent study of this open-ended sifting, Huang et al. (2003) used the many
possible choices of S-numbers to form an ensemble of IMF sets, from which an
ensemble mean and conﬁdence were derived. Furthermore, through comparisons of
the individual sets with the mean, Huang et al. established an empirical guide. For
the optimal siftings, the range of S-numbers should be set between 4 and 8. More
details will be given later.
Now assume that a stoppage criterion was selected, and that the ﬁrst IMF c1 was
found. Overall, c1 should contain the ﬁnest scale or the shortest period component
of the signal. It follows that c1 can be separated from the rest of the data by
r1 = x(t) − c1 .

(1.12)

Since the residue r1 still contains longer period variations in the data, as shown in
Fig. 1.6, it is treated as the new data and subjected to the same sifting process as
described above. This procedure can be repeated with all the subsequent rj ’s, and
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Figure 1.6: The original data (blue) and the residue r1 .
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the result is
r2 = r1 − c1
..
.

(1.13)

r2 = r1 − c1
The sifting process can be stopped ﬁnally by any of the following predetermined
criteria: either when the component cn or the residue rn becomes so small that it is
less than the predetermined value of substantial consequence, or when the residue
rn becomes a monotonic function from which no more IMFs can be extracted. Even
for data with zero mean, the ﬁnal residue still can be diﬀerent from zero. If the
data have a trend, the ﬁnal residue should be that trend. By summing up (1.12)
and (1.13), we ﬁnally obtain
n

x(t) =

cj + rn .

(1.14)

j=1

Thus, a decomposition of the data into n-empirical modes is achieved, and a residue
rn obtained which can be either the mean trend or a constant. As discussed here,
to apply the EMD method, a mean or zero reference is not required; the EMD
technique needs only the locations of the local extrema. The zero reference for each
component will be generated by the sifting process. Without the need for the zero
reference, EMD has the unexpected beneﬁt of avoiding the troublesome step of
removing the mean values for the large DC term in data with a non-zero mean.
The components of the EMD are usually physically meaningful, for the characteristic scales are deﬁned by the physical data. To understand this point, consider the length-of-day data shown in Fig. 1.7, which measure the deviation of the
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Figure 1.8: (a, top) The mean IMF for nine diﬀerent siftings. (b, bottom) The standard deviation
of the IMF for nine diﬀerent siftings.

rotational period from the ﬁxed cycle of 24 h. The mean and the standard deviation
of the IMFs, given in Fig. 1.8a,b, were obtained after using a diﬀerent S-number for
sifting. The sifting results are quite robust with respect to the selection of a stoppage criteria, as indicated by the low standard deviation values; thus, these IMF
results are physically meaningful. The ﬁrst component represents the very short
period of perturbation caused by large-scale storms to the earth’s rotational speed;
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Figure 1.9: The mean annual cycle and its envelope. Each peak of the envelope coincides with
an El Niño event.

this perturbation could be measured only after the 1990s by using many Global
Positioning Satellites (GPS). The second component represents the half-monthly
tides; the eighth component, the annual tidal variations. In fact, a plot of the annual variation by itself in Fig. 1.9 shows that the inter-annual variations are actually
associated with the El Niño events. During an El Niño event, the equatorial water
in the Paciﬁc Ocean is warmed up, and this warming imparts more energy into the
atmosphere. This result, in turn, causes the atmosphere to be more energetic. The
resulting increase in angular momentum makes the rotational speed of the earth
slow down. Even more surprisingly, the standard deviation values of the diﬀerent
siftings were unusually large during 1965 to 1970, and 1990 to 1995, the periods
identiﬁed by NOAA as the anomaly periods for El Niño events.
This example established the physical meaning of the IMF components beyond
any real doubt. Even more fundamental, the recent studies by Flandrin et al. (2004),
Flandrin and Gonçalvès (2004) and Wu and Huang (2004) further established the
statistical signiﬁcance of the IMF components. Thus, whether a given IMF contains
signiﬁcant information or just represents noise can now be tested.

1.2.2. The Hilbert spectral analysis
Having obtained the intrinsic mode function components, one will have no diﬃculty in applying the Hilbert transform to each IMF component, and in computing
the instantaneous frequency according to (1.2)–(1.6). After performing the Hilbert
transform on each IMF component, the original data can be expressed as the real
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part  in the following form:
x(t) = 

⎧
⎨
⎩

⎫
⎬



n

aj (t) exp i

13

ωj (t) dt

j=1

⎭

.

(1.15)

Here, the residue rn has been left out on purpose, for it is either a monotonic function
or a constant. Although the Hilbert transform can treat the monotonic trend as part
of a longer oscillation, the energy involved in the residual trend representing a mean
oﬀset could be overpowering. In consideration of the uncertainty of the longer trend,
and in the interest of obtaining the information contained in the other low-energy
but clearly oscillatory components, the ﬁnal non-IMF component should be left out.
However, it could be included if physical considerations justify its inclusion.
Equation (1.15) gives both the amplitude and frequency of each component as
functions of time. The same data expanded in a Fourier representation would be
⎡
⎤
x(t) = ⎣

n

aj eiωj (t)t ⎦ ,

(1.16)

j=1

with both aj and ωj as constants. The contrast between (1.15) and (1.16) is clear:
the IMF represents a generalized Fourier expansion. The variable amplitude and the
instantaneous frequency have not only greatly improved the eﬃciency of the expansion, but also enabled the expansion to accommodate nonlinear and nonstationary
data. With the IMF expansion, the amplitude and the frequency modulations are
also clearly separated. Thus, the restriction of the constant amplitude and ﬁxed frequency of the Fourier expansion has been overcome, with a variable amplitude and
frequency representation. This frequency-time distribution of the amplitude is designated as the “Hilbert amplitude spectrum” H(ω, t), or simply “Hilbert spectrum.”
If amplitude squared is the more preferred method to represent energy density,
then the squared values of the amplitude can be substituted to produce the Hilbert
energy spectrum just as well.
The skeleton Hilbert spectrum presentation is more desirable, for it gives more
quantitative results. Actually, Bacry et al. (1991) and Carmona et al. (1998) have
tried to extract the wavelet skeleton as the local maximum of the continuous wavelet
coeﬃcient. Even that approach is still encumbered by the harmonics. If more qualitative results are desired, a fuzzy representation can also be derived from the skeleton Hilbert spectrum presentation by using two-dimensional smoothing. The result
is a smoother presentation of time-frequency distribution, but the spurious harmonics are still not needed.
With the Hilbert Spectrum deﬁned, we can also deﬁne the marginal spectrum
h(ω) as
 T
H(ω, t) dt .
(1.17)
h(ω) =
0
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The marginal spectrum oﬀers a measure of the total amplitude (or energy) contribution from each frequency value. This spectrum represents the accumulated
amplitude over the entire data span in a probabilistic sense.
The combination of the empirical mode decomposition and the Hilbert spectral
analysis is also known as the “Hilbert–Huang transform” (HHT) for short. Empirically, all tests indicate that HHT is a superior tool for time-frequency analysis of
nonlinear and nonstationary data. It is based on an adaptive basis, and the frequency is deﬁned through the Hilbert transform. Consequently, there is no need
for the spurious harmonics to represent nonlinear waveform deformations as in any
of the a priori basis methods, and there is no uncertainty principle limitation on
time or frequency resolution from the convolution pairs based also on a priori basis. A comparative summary of Fourier, wavelet and HHT analyses is given in the
following table:

Basis
Frequency

Presentation
Nonlinear
Nonstationary
Feature
Extraction
Theoretical base

Fourier
a priori
convolution:
global
uncertainty
energyfrequency
no
no
no
theory complete

Wavelet
a priori
convolution:
regional
uncertainty
energy-timefrequency
no
yes
discrete: no;
continuous: yes
theory complete

Hilbert
adaptive
diﬀerentiation:
local,
certainty
energy-timefrequency
yes
yes
yes
empirical

This table shows that the HHT is indeed a powerful method for analyzing data
from nonlinear and nonstationary processes: it is based on an adaptive basis; the
frequency is derived by diﬀerentiation rather than convolution; therefore, it is not
limited by the uncertainty principle; it is applicable to nonlinear and nonstationary
data and presents the results in time-frequency-energy space for feature extraction.
1.3. Recent developments
Some recent developments in the following areas will be discussed in some detail:
(1) normalized Hilbert transform
(2) conﬁdence limit
(3) statistical signiﬁcance of the IMFs.
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1.3.1. Normalized Hilbert transform
It is well known that although the Hilbert transform exists for any function of
Lp class, the phase function of the transformed function will not always yield a
physically meaningful instantaneous frequency, as discussed above. Reducing the
function into IMFs has improved the chance of getting a meaningful instantaneous
frequency, but obtaining IMFs satisﬁes only the necessary condition; additional
limitations have been summarized succinctly in two additional theorems:
First, the Bedrosian theorem (1963) states that the Hilbert transform for the
product of two functions f (t) and h(t) can be written as
H[f (t)h(t)] = f (t)H[h(t)] ,

(1.18)

only if the Fourier spectra for f (t) and h(t) are totally disjoint in frequency space,
and the frequency range of the spectrum for h(t) is higher than that of f (t). This
limitation is critical: if the instantaneous frequency is to be computed from the
phase function as deﬁned in (1.3)–(1.6), the data can be expressed in the IMF form
as
x(t) = a(t) cos[θ(t)] ;

(1.19)

then, the Hilbert transform will give us the conjugate part as
H{a(t) cos[θ(t)]} = a(t)H{cos[θ(t)]} .

(1.20)

However, according to the Bedrosian theorem, (1.20) can be true only if the amplitude is varying so slowly that the frequency spectra of the envelope and the carrier
waves are disjoint. This condition has made the application of the Hilbert transform
problematic. To satisfy this requirement, Huang and Long (2003) proposed that the
IMFs be normalized as follows: start from the data that is already an IMF. First,
ﬁnd all the maxima of the IMFs; then, deﬁne the envelope by a spline through
all the maxima, and designate the envelope as E(t). Now, normalize the IMF by
dividing it by E(t) as
Co(t) =

x(t)
,
E(t)

(1.21)

where Co(t) should be the carrier function with all local maxima equal to unity.
The normalized function of the above example is given in Fig. 1.10d.
This construction should give an amplitude always equal to unity, but anomalies
clearly exist, and complications can arise from the spline ﬁtting, which mainly occurs
at the point where the amplitude ﬂuctuation is large. Then the spline line could go
under the data momentarily and cause the normalized function to have an amplitude
greater than unity. Though these conditions are rare, they can occur. Whenever they
do, error will certainly occur, which will be discussed next. Even with a perfect
normalization, not all of the problems have been solved. The next diﬃculty is given
by the Nuttall theorem.
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Figure 1.10: The mean Hilbert spectrum.

The Nuttall (1996) theorem states that the Hilbert transform of a cosine is not
necessarily a simple 90◦ phase shift, resulting in the sine function with the same
phase function for an arbitrary phase function. Nuttall gave an error bound ΔE,
deﬁned as the diﬀerence between the Hilbert transform Ch and the quadrature Cq
(with a phase shift of exactly 90◦ ) of the function as
 T
 0
2
ΔE =
|Cq (t) − Ch (t)| dt =
Sq (ω) dω ,
(1.22)
0

−∞

in which Sq is the Fourier spectrum of the quadrature function. Though the proof of
this theorem is rigorous, the result is hardly useful: ﬁrst, it is expressed in terms of
the Fourier spectrum of a still unknown quadrature; and second, it gives a constant
error bound over the whole data range. For a nonstationary time series, such a
constant bound will not reveal the location of the error on the time axis. With
the normalization, Huang and Long (2003) have proposed a variable error bound
as follows: the error will be the diﬀerence between the squared amplitude of the
normalized signal and unity.
The proof of this concept is simple: if the Hilbert transform is exactly the quadrature, by deﬁnition the square amplitude will be unity, and the diﬀerence zero. If
the squared amplitude is not exactly unity, then the Hilbert transform cannot be
exactly the quadrature. Two possible complications can contribute to the errors:
First, the normalization processes are not clean, as discussed above, so the normal-
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ized amplitude could exceed unity, and the error would not be zero. The second
complication could come from a highly complicated phase function, as discussed in
Huang et al. (1998); then the phase plan will not be a perfect circle. Any deviation
from the circle will result in the amplitude being diﬀerent from unity. Huang and
Long (2003) and Huang et al. (2005) conducted detailed comparisons and found the
result quite satisfactory. Alternatively, Huang et al. (2005) suggested that the phase
function can be found by computing the inverse cosine of the normalized function.
The results obtained in this manner were also found to be satisfactory. Two problems, however, still plagued this approach: ﬁrst, any imperfect normalization will
occasionally give the values of the normalized function greater than unity, as discussed above. Under that condition, the inverse cosine will break down. Second, the
computation precision requirement is too high near the phase angle 0◦ and 180◦ .
One can show that the problem of the normalized Hilbert transform always occurs
at the location where the amplitude either changes drastically or is very low.
1.3.2. Conﬁdence limit
In data analysis, a conﬁdence limit is always necessary; it provides a measure of
assurance about the legitimacy of the results. Therefore, the conﬁdence limit for
the Fourier spectral analysis is routinely computed, but the computation is based
on ergodic theory, where the data are subdivided into N sections, with spectra from
each section being computed. The conﬁdence limit is determined from the statistical
spread of the N diﬀerent spectra. When all the conditions of ergodic theory are
satisﬁed, the temporal average is treated as the ensemble average. Unfortunately,
the ergodic condition is satisﬁed only if the processes are stationary; otherwise,
averaging them will not make sense. Huang et al. (2003) have proposed a diﬀerent
approach by utilizing the existence of inﬁnitely many ways to decompose one given
function into diﬀerence components. Even using EMD, many diﬀerent sets of IMFs
may be obtained by varying the stoppage criteria. For example, Huang et al. (2003)
explored the stoppage criterion by changing the S-number. Using the length-of-day
data, they varied the S-number from 1 to 20 and found the mean and the standard
deviation for the Hilbert spectrum. The conﬁdence limit so derived does not depend
on the ergodic theory. If the same data length is used, the spectral resolution is
not downgraded in frequency space through sub-dividing of the data into sections.
Additionally, Huang et al. have also invoked the intermittence criterion and forced
the number of IMFs to be the same for diﬀerent S-numbers. As a result, Huang et
al. were able to ﬁnd the mean for the speciﬁc IMFs shown in Fig. 1.9. Of particular
interest are the periods of high standard deviations, from 1965 to 1970, and 1990–
1995. These periods are the anomaly periods of the El Niño phenomenon, when
the sea-surface-temperature values in the equatorial region were consistently high
based on observations, indicating a prolonged heating of the ocean, rather than the
changes from warm to cool during the El Niño to La Niña changes.
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Finally, from the conﬁdence-limit study, an unexpected result is the determination of the optimal S-number. Huang et al. (2003) computed the diﬀerence between
the individual cases and the overall mean and found that a range always exists
where the diﬀerences reach a local minimum. Based on their limited experience
from using diﬀerent datasets, Huang et al. concluded that a S-number in the range
of 4 to 8 performed well. Logic also dictates that the S-number should not be high
enough to drain all the physical meaning out of the IMF, nor low enough to leave
some riding waves remaining in the resulting IMFs.
1.3.3. Statistical signiﬁcance of IMFs
EMD is a method for separating data into diﬀerent components according to their
scales. The question of the IMFs’ statistical signiﬁcance is always an issue. In data
containing noise, how can the noise be separated conﬁdently from the information?
These questions were addressed by Flandrin et al. (2004), Flandrin and Gonçalvès
(2004), and Wu and Huang (2004) through a study of noise only.
Flandrin et al. (2004) and Flandrin and Gonçalvès (2004) studied the fractional
Gaussian noises and found that the EMD is a dyadic ﬁlter. These researchers also
found that when one plotted the root-mean-squared (RMS) values of the IMFs as a
function of the mean period derived from the fractional Gaussian noise on a log-log
scale, the results formed a straight line. The slope of the straight line for white
noise is −1; however, the values change regularly with the diﬀerent Hurst indices.
Based on these results, Flandrin et al. (2004) and Flandrin and Gonçalvès (2004)
suggested that the EMD results could be used to determine what kind of noise one
was encountering.
Instead of fractional Gaussian noise, Wu and Huang (2004) studied the Gaussian
white noise only. They also found the same relationship between the RMS values
of the IMFs as a function of the mean period. Additionally, they also studied the
statistical properties of the scattering of the data and found the bounds for the noise
data distribution analytically. From the scattering, they deduced a 95% bound for
the white noise. Therefore, they concluded that when a dataset is analyzed by using
EMD, if the RMS-mean period values exist within the noise bounds, the components
most likely represent noise. On the other hand, if the mean period-RMS values
exceed the noise bounds, then those IMFs must represent statistically signiﬁcant
information. Thus, with the study of noise, Wu and Huang have found a way to
discriminate noise from information. They applied this method to the Southern
Oscillation Index (SOI) and concluded that the phenomena with the mean periods
of 2.0, 3.1, 5.9 and 11.9 years are statistically signiﬁcant signals.
1.4. Mathematical problems related to the HHT
Over the past few years, the HHT method has gained some recognition. Unfortunately, the full theoretical base has not been fully established. Up to this time,
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most of the progress with the HHT has been in its application, while the underlying
mathematical problems have been mostly left untreated. All the results have come
from case-by-case comparisons conducted empirically. The work with the HHT is
presently at the stage corresponding historically to that of wavelet analysis in the
earlier 1980s, producing great results but waiting for mathematical foundations on
which to rest its case. The work is waiting for someone like Daubechies (1992) to
lay the mathematical foundation for the HHT as was done for wavelets. The outstanding mathematical problems at the forefront at the present time are as follows:
(1)
(2)
(3)
(4)
(5)
(6)
(7)

Adaptive data analysis methodology in general
Nonlinear system identiﬁcation methods
Prediction problem for nonstationary processes (end eﬀects)
Spline problems (best spline implementation for the HHT, convergence and 2-D)
Optimization problems (the best IMF selection and uniqueness)
Approximation problems (Hilbert transform and quadrature)
Miscellaneous questions concerning the HHT.

1.4.1. Adaptive data-analysis methodology
Most data-analysis methods are not adaptive. The established approach is to deﬁne
a basis (such as trigonometric functions in Fourier analysis, for example). Once the
basis is determined, the analysis is reduced to a convolution computation. This well
established paradigm is specious, for we have no a priori reason to believe that
the basis selected truly represents the underlying processes. Therefore, the results
produced will not be informative. This paradigm does, however, provide a deﬁnitive
quantiﬁcation with respect to a known metric for certain properties of the data
based on the basis selected.
If one gives up this paradigm, no solid foundation remains, yet data-analysis
methods need to be adaptive, for their goal is to ﬁnd out the underlying processes.
Only adaptive methods can let the data reveal their underlying processes without
any undue inﬂuence from the basis. Unfortunately, no mathematical model or precedent exists for such an approach. Recently, adaptive data processing has gained some
attention. Some adaptive methods are being developed (see Windrows and Stearns
1985). Unfortunately, most of the methods available depend on feedback; therefore,
they are limited to stationary processes. Generalizing these available methods to
nonstationary conditions is a diﬃcult task.
1.4.2. Nonlinear system identiﬁcation
System-identiﬁcation methods are usually based on having both input and output
data. For an ideally controlled system, such datasets are possible, yet for most of
the cases studied, natural or man-made, no such luxury involving data is available.
All that might be available is a set of measured results. The question is whether
the nonlinear characteristics can be identiﬁed from the data. This problem might
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be ill-posed, for this is very diﬀerent from the traditional input vs. output comparison. Whether the system can be identiﬁed through data only is an open question.
Unfortunately, in most natural systems, control of the input is not possible. Additionally, the input and even the system itself are usually unknown. The only data
available usually correspond to the output from an unknown system. Can the system be identiﬁed? Or short of identiﬁcation, can anything be learned about the
system? The only thing that might be available is some general knowledge of the
underlying controlling processes connected with the data. For example, the atmosphere and ocean are all controlled by the generalized equations for ﬂuid dynamics
and thermodynamics, which are nonlinear. The man-made structures, though linear
under design conditions, will approach nonlinearity under extreme loading conditions. Such a priori knowledge could guide the search for the characteristics or the
signatures of nonlinearity. The task, however, is still daunting.
So far, most of the deﬁnitions or tests for nonlinearity from any data are only
necessary conditions: for example, various probability distributions, higher-order
spectral analysis, harmonic analysis, and instantaneous frequency (see, for example,
Bendat 1990; Priestly 1988; Tong 1990; Kantz and Schreiber 1997). Certain diﬃculties are involved in making such identiﬁcations from observed data only. This
diﬃculty has made some scientists talk about only “nonlinear systems” rather than
“nonlinear data.” Such reservations are understandable, but this choice of terms
still does not resolve the basic problem: How to identify the system nonlinearity
from its output alone. Is doing so possible? Or, is there a deﬁnite way to deﬁne a
nonlinear system from the data (system output) at all? This problem is made even
more diﬃcult when the process is also stochastic and nonstationary. With a nonstationary process, the various probabilities and the Fourier-based spectral analyses
are all problematic, for those methods are based on global properties, with linear
and stationary assumptions.
Through the study of instantaneous frequency, intra-wave frequency modulation
has been proposed as an indicator for nonlinearity. More recently, Huang (2003)
identiﬁed the Teager energy operator (Kaiser 1990; Maragos et al. 1993a,b) as an
extremely local and sharp test for harmonic distortions within any IMF derived
from data. The combination of these local methods oﬀers some hope for system
identiﬁcation, but the problem is not solved, for this approach is based on the assumption that the input is linear. Furthermore, all these local methods also depend
on local harmonic distortion; they cannot distinguish a quasi-linear system from a
truly nonlinear system. A test or deﬁnition for nonlinear-system identiﬁcation based
on only observed output is urgently needed.
1.4.3. The prediction problem for nonstationary processes (the end
eﬀects of EMD)
End eﬀects have plagued data analysis from the beginning of any known method.
The accepted and timid way to deal with these eﬀects is by using various kinds of
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windowing, as is done routinely in Fourier analysis. Although sound in theory, such
practices inevitably sacriﬁce some precious data near the ends. Furthermore, the
use of windows becomes a serious hindrance when the data are short. In the HHT
approach, the extension of data beyond the existing range is necessary, for a spline
through the extrema is used to determine the IMF. Therefore, a method is needed
to determine the spline curve between the last available extremum and the end of
the data range. Instead of windowing, Huang et al. (1998) introduced the idea of
using a “window frame,” a way to extend the data beyond the existing range in
order to extract some information from all the data available.
The extension of data, or data prediction, is a risky procedure even for linear
and stationary processes. The problem that must be faced is how to make predictions for nonlinear and nonstationary stochastic processes. Here the age-old cozy
shelter of the linear, stationary, low-dimension and deterministic assumptions must
be abandoned, and the complicated real world must be faced. The data are mostly
from high-dimensional nonlinear and nonstationary stochastic systems. Are these
systems predictable? What conditions must be imposed on the problem to make it
predictable? How well can the accuracy of the predictions be quantiﬁed? In principle, data prediction cannot be made based on past data alone. The underlying
processes have to be involved. Can the available data be used to extract enough
information to make a prediction? This issue is an open question at present.
However, EMD has an advantage to assist the analysis: the whole data span need
not be predicted, but only the IMF, which has a much narrower bandwidth, for all
the IMFs should have the same number of extrema and zero-crossings. Furthermore,
all that is needed is the value and location of the next extrema, not all the data.
Such a limited goal notwithstanding, the task is still challenging.
1.4.4. Spline problems (the best spline implementation for HHT,
convergence and 2-D)
EMD is a “Reynolds type” decomposition: it is used to extract variations from the
data by separating the mean, in this case the local mean, from the ﬂuctuations
by using spline ﬁts. Although this approach is totally adaptive, several unresolved
problems arise from this approach.
First, among all the spline methods, which one is the best? The answer to this
question is critical, for it can be shown easily that all the IMFs other than the ﬁrst
are a summation of spline functions, for from (1.5) to (1.8), it follows that
c1 = x(t) − (m1k + m1(k−1) + · · · + m11 + m1 ) ,

(1.23)

in which all m functions are generated by splines. Therefore, from equation (1.10),
r1 = x(t) − c1 = m1k + m1(k−1) + · · · + m11 + m1

(1.24)

is totally determined by splines. Consequently, according to (1.11), all the rest of the
IMFs are also totally determined by spline functions. What kind of spline is the best
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ﬁt for the EMD? How can one quantify the selection of one spline vs. another? Based
on experience, it was found that the higher-order spline functions needed additional
subjectively determined parameters, yet the requirement violates the adaptive spirit
of the approach. Furthermore, higher-order spline functions could also introduce
additional length scales, and they are also more time-consuming in computations.
Such shortcomings are why only the cubic spline was selected. However, the possible
advantages and disadvantages of higher-order splines and even a taut spline have
not been deﬁnitively established and quantiﬁed.
Finally, the convergence of the EMD method is also a critical issue: is there a
guarantee that in ﬁnite steps, a function can always be reduced into a ﬁnite number
of IMFs? All intuitive reasoning and experience suggest that the procedure is converging. Under rather restrictive assumptions, the convergence can even be proved
rigorously. The restricted and simpliﬁed case studied involved sifting with middlepoints only. With further restriction of the middle-point sifting to linearly connected
extrema, the convergence proof can be established by reductio ad absurdum, and it
can be shown that the number of extrema of the residue function has to be less than
or equal to that in the original function. The case of equality exists only when the
oscillation amplitudes in the data are either monotonically increasing or decreasing.
In this case, the sifting may never converge and forever have the same number in the
original data and the IMF extracted. The proof is not complete in another aspect:
can one prove the convergence once the linear connection is replaced by the cubic
spline? Therefore, this approach to the proof is not complete.
Recently, Chen et al. (2004) used a B-spline to implement the sifting. If one uses
the B-spline as the base for sifting, then one can invoke the variation-diminishing
property of the B-spline and show that the spline curve will have less extrema. The
details of this proof still have to be established.
1.4.5. The optimization problem (the best IMF selection and
uniqueness mode mixing)
Does the EMD generate a unique set of IMFs, or is the EMD method a tool to
generate inﬁnite sets of IMFs? From a theoretical point of view, inﬁnitely many
ways to decompose a given dataset are available. Experience indicates that the EMD
process can generate many diﬀerent IMF sets by varying the adjustable parameters
in the sifting procedure. How are these diﬀerent sets of IMF related? What is the
criterion or criteria to guide the sifting? What is the statistical distribution and
signiﬁcance of the diﬀerent IMF sets? Therefore, a critical question involves how to
optimize the sifting procedure to produce the best IMF set. The diﬃculty is that
it must not sift too many times and drain all the physical meaning out of each
IMF component, and, at the same time, one must not sift too few times and fail
to get clean IMFs. Recently, Huang et al. (2003) studied the problem of diﬀerent
sifting parameters and established a conﬁdence limit for the resulting IMFs and
Hilbert spectrum, but the study was empirical and limited to cubic splines only.
Optimization of the sifting process is still an open question.
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This question of the uniqueness of the IMF can be traced to this more fundamental one: how to deﬁne the IMF more rigorously? The deﬁnition given by Huang
et al. (1998, 1999) is hard to quantify. Fortunately, the results are quite forgiving:
even with the vague deﬁnition, the results produced are similar enough. Is it possible to give a rigorous mathematical deﬁnition and also ﬁnd an algorithm that can
be implemented automatically?
Finally, there is the problem of IMF mode rectiﬁcations. Straightforward implementation of the sifting procedure will produce mode mixing (Huang et al. 1999,
2003), which will introduce aliasing in the IMFs. This mode mixing can be avoided if
an “intermittence” test is invoked (see Huang et al. 2003). At this time, one can implement the intermittence test only through interactive steps. An automatic mode
rectiﬁcation program should be able to collect all the relevant segments together
and avoid the unnecessary aliasing in the mode mixing. This step is not critical to
the HHT, but would be a highly desirable feature of the method.
1.4.6. Approximation problems (the Hilbert transform and
quadrature)
One of the conceptual breakthroughs involving the HHT has been the ability to
deﬁne the instantaneous frequency through the Hilbert transform. Traditionally,
two well-known theorems, the Bedrosian theorem (Bedrosian 1963) and the Nuttall
theorem (Nuttall 1966), have considered the Hilbert transform to be unusable. The
Bedrosian theorem states that the Hilbert transform for the product functions can
be expressed only in terms of the product of the low-frequency function and the
Hilbert transform of the high-frequency one, if the spectra of the two functions are
disjointed. This condition guarantees that the Hilbert transform of a(t) cos[θ(t)] is
given by a(t) sin[θ(t)]. The Nuttall theorem (Nuttall 1966), further stipulates that
the Hilbert transform of cos[θ(t)] is not necessarily sin[θ(t)] for an arbitrary function
θ(t). In other words, a discrepancy exists between the Hilbert transform and the
perfect quadrature of an arbitrary function θ(t). Unfortunately, the error bound
given by Nuttall (1966) is expressed in terms of the integral of the spectrum of the
quadrature, an unknown quantity. Therefore, the single valued error bound cannot
be evaluated.
Through research, the restriction of the Bedrosian theorem has been overcome
through the EMD process and the normalization of the resulting IMFs (Huang
2003). With this new approach, the error bound given by Nuttall has been improved
by expressing the error bound as a function of time in terms of instantaneous energy. These developments are major breakthroughs for the Hilbert transform and
its applications. However, the inﬂuence of the normalization procedure must be
quantiﬁed. As the normalization procedure depends on a nonlinear ampliﬁcation
of the data, what is the inﬂuence of this ampliﬁcation on the ﬁnal results? Even
if the normalization is accepted, for an arbitrary θ(t) function, the instantaneous
frequency is only an approximation. How can this approximation be improved?
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Also related to the normalization scheme, are other questions concerning the
Hilbert transform: for example, what is the functional form of θ(t) for the Hilbert
transform to be the perfect quadrature and also be analytic? If the quadrature is
not identical to the Hilbert transform, what is the error bound in the phase function
(not in terms of energy as it has been achieved now)?
One possible alternative is to abandon the Hilbert transform and to compute the
phase function by using the inverse cosine of the normalized data. Two complications
arise from this approach: the ﬁrst one is the high precision needed for computing the
phase function when its value is near nπ/2. The second one is that the normalization
scheme is only an approximation; therefore, the normalized functional value can
occasionally exceed unity. Either way, some approximations are needed.
1.4.7. Miscellaneous statistical questions concerning HHT
The ﬁrst question concerns the conﬁdence limit of the HHT results. Traditionally,
all spectral analysis results are bracketed by a conﬁdence limit, which gives either
a true or false measure of comfort. The traditional conﬁdence limit is established
from the ergodicity assumption; therefore, the processes are necessarily linear and
stationary. If the ergodic assumptions are abandoned, can a conﬁdence limit still
exist without resorting to true ensemble averaging, which is practically impossible
for most natural phenomena? The answer seems to be aﬃrmative for Fourier analysis. For HHT, however, a conﬁdence limit has been tentatively established, based
on the exploitation of repeated applications of the EMD process with various adjustable parameters, which produces an ensemble of IMF sets. How representative
are these diﬀerent IMFs? How can the deﬁnition be made more rigorous? How can
the statistical measure for such a conﬁdence limit be quantiﬁed?
The second question concerns the degree of nonstationarity. This question has
led to another conceptual breakthrough, for the qualitative deﬁnition of stationarity
has been changed to a quantitative deﬁnition of the degree of nonstationarity. In
Huang et al. (1998), in addition to a degree of nonstationarity, a degree of statistical nonstationarity was also given. For the degree of statistical nonstationarity, an
averaging procedure is required. What is the time scale needed for the averaging?
1.5. Conclusion
Some of the problems encountered in the present state of the research have been
discussed. Even though these issues have not been settled, the HHT method is still a
very useful tool, but when they are settled, the HHT process will become much more
rigorous, and the tool more robust. The author is using the HHT method routinely
now, for as Heaviside famously said, when encountering the puriest’s objections on
his operational calculus: “Shall I refuse my dinner because I do not fully understand
the process of digestion.” For us, the “the process of digestion” consists of fully
addressing the questions that we have raised in this chapter. The path is clear;
work must now begin.
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Finally, the need for a uniﬁed framework for nonlinear and nonstationary data
analysis is urgent and real. Currently, the ﬁeld is fragmented, with partisans belonging to one camp or another. For example, researchers engaged in wavelet analysis will not mention the Wagner-Ville distribution method, as if it does not exist
(see, for example, any wavelet book). On the other hand, researchers engaged with
the Wagner-Ville distribution method will not mention wavelets (see, for example,
Cohen 1995). Such a position is unscientiﬁc, and unhealthy for the data-analysis
community. The time is right for some support from everyone to unify the ﬁeld and
push it forward. A concerted eﬀort should be mounted to attack the problems of
nonlinear and nonstationary time series analysis. One logical suggestion is to organize an activity group within SIAM to address all the mathematical and application
problems, as well as all the scientiﬁc issues related to nonlinear and nonstationary
data analysis. This task is worthy of the eﬀort.
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Flandrin, P., and P. Gonçalvès, 2004: Empirical mode decompositions as data-driven
wavelet-like expansions. Int. J. Wavelets Multiresolut. Inform. Process., 2, 477–
496.
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